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Abstract
Assuming that Ω is a nonempty set and X is a normed space, we show that the real or
complex linear space c0(Ω,X) of all functions f :Ω→X such that for each  > 0 the set
{ω ∈ Ω: ‖f (ω)‖ > } is finite, equipped with the supremum norm, is either barrelled,
ultrabornological or unordered Baire-like if and only if X is, respectively, barrelled,
ultrabornological or unordered Baire-like.
 2002 Elsevier Science (USA). All rights reserved.
Keywords: Barrelled space; Unordered Baire-like space; Copy of c0; Banach disk
1. Introduction
Along this paper Ω will denote a nonempty set and X a normed space
over the field K of real or complex numbers. We shall represent by c0(Ω,X)
the linear space over K of all functions f :Ω → X such that for each  > 0
the set {ω ∈Ω : ‖f (ω)‖> } is finite or empty, equipped with the supremum
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norm ‖f ‖∞ = sup{‖f (ω)‖: ω ∈Ω}. If X is a Banach space then c0(Ω,X) is
a Banach space, usually denoted by c0(Ω) in the scalar-valued case [1, Chapter 4,
Exercise 2]. If Ω is countable infinite, then we shall write c0(X) instead of
c0(Ω,X). Hence c0(X) coincides with the linear space of all sequences in X
convergent to zero, endowed with the supremum-norm. If  is a (possibly empty)
subset of Ω , we shall denote by c0(,X) the linear subspace of c0(Ω,X)
consisting of all those functions whose support suppf := {ω ∈Ω : f (ω) 
= 0} is
contained in , where c0(∅,X) = {0}. Since suppf =⋃∞n=1{ω ∈Ω : ‖f (ω)‖>
1/n}, each f ∈ c0(Ω,X) is countably supported. The dense linear subspace
of c0(Ω,X) formed by the finitely supported functions will be denoted by
c00(Ω,X). If  is a subset of Ω , we shall represent by c00(,X) the linear
subspace of c00(Ω,X) of all the functions supported in . Let us recall that a
(Hausdorff) locally convex space E is called barrelled if each barrel (i.e. each
absorbing closed absolutely convex set) in E is a neighborhood of the origin. The
space E is called unordered Baire-like (UBL for short) [14] if, given a sequence
{Vn} of closed absolutely convex sets in E covering E, there is m ∈ N such that
Vm is a neighborhood of zero (see also [10, Chapter 5]). Related classes to that of
UBL spaces are convex-Baire spaces [15, Chapter 1] and Baire-like spaces [12].
There are many examples of normed spaces of bounded vector-valued
functions which are barrelled whenever X is barrelled [3,5] (with the remarkable
exception of the space ∞(Ω,X) of all bounded X-valued functions [2] when
both |Ω | and |X| are measurable cardinals, if there are any), but only a few
examples of vector-valued function spaces which are UBL whenever X is
(noncomplete and) UBL are known [4]. In particular, it is well known that
c0(X) is barrelled if and only if X is barrelled [11]. In this paper we shall
prove that c0(Ω,X) is either barrelled, ultrabornological or UBL if and only if
X is, respectively, barrelled, ultrabornological or UBL. Although our notation
and terminology are standard [1,6–9], some specifications are in order. We shall
denote by N the set of the positive integers. If A is a nonempty subset of a linear
space, 〈A〉 will represent its linear span. Given a locally convex space E, we shall
denote by Ê the completion of E. If {xi} is a basic sequence in a Banach space,
[xi] will stand for the closed linear span of {xi}. If Y is a normed space, we shall
denote by BY the closed unit ball of Y . A bounded absolutely convex set in a
locally convex space E will be called a disk and we shall represent by ‖ ‖D the
norm on 〈D〉 defined by the Minkowski functional of D. If 〈D〉 is a Banach space
when equipped with the norm ‖ ‖D , we shall say that D is a Banach disk in E.
A locally convex space E is said to be ultrabornological if each absolutely convex
set in E which absorbs the Banach disks of E is a neighborhood of the origin
in E. The following result will be used later on.
Lemma 1.1. Let E be a Hausdorff locally convex space andX be a Banach space.
If there is a continuous linear map ϕ :X→E, then ϕ(BX) is a Banach disk in E
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such that 〈ϕ(BX)〉, equipped with Minkowski’s norm ‖ ‖ϕ(BX), is (isomorphic to)
a quotient of X.
Proof. Since ϕ is continuous, then D := ϕ(BX) is a disk in E. Let us denote 〈D〉
by Y and assume that Y is equipped with the norm ‖ ‖D . Let us see in first place
that ‖ϕ(x)‖D  ‖x‖X for each x ∈X. This will show that ϕ :X→ Y is a bounded
linear operator. To establish the inequality ‖ϕ(x)‖D  ‖x‖X it suffices to prove
that ‖ϕ(x)‖D  λ whenever ‖x‖X  λ. But ‖x‖X  λ means that λ−1x ∈ BX ,
which implies that ϕ(λ−1x) ∈ D, that is, ‖ϕ(x)‖D  λ. On the other hand, the
relation
1
2
BY ⊆ {y ∈ Y : ‖y‖D < 1} ⊆D = ϕ(BX)
guarantees that ϕ is also an open map. Indeed, if U is an open set in X and x ∈U
there is  > 0 such that x + BX ⊆ U . Hence ϕ(x)+ (/2)BY ⊆ ϕ(U) and then
ϕ(U) is open in Y . Since ϕ is a continuous open linear map from the Banach space
X onto the normed space Y , then Y is complete [13, Chapter 6, Proposition 13].
Therefore D is a Banach disk in E. Moreover, since each continuous open onto
map is a quotient map [16, Theorem 6.5.1], Y is a Banach space topologically
isomorphic to X kerϕ. ✷
2. Barrelledness and ultrabornological properties of c0(Ω,X)
Lemma 2.1. Let Q be a closed absolutely convex set in c0(Ω,X). If Q absorbs
the Banach disks of c0(Ω,X), then there exists a finite or empty set ∆ such that
Q absorbs the closed unit ball of c0(Ω \∆,X).
Proof. Assume by contradiction that the lemma is not true. Then let f1 ∈
c00(Ω,X) be such that ‖f1‖∞ = 1 and f1 /∈ Q. Since ∆1 := suppf1 is finite,
according to our assumption there exists f2 ∈ c00(Ω \∆1,X) such that ‖f2‖∞ =
1 and f2 /∈ 2Q. Then put ∆2 := suppf2 and choose f3 ∈ c00(Ω \ (∆1 ∪∆2),X)
such that ‖f3‖∞ = 1 and f3 /∈ 3Q. Continue in this way to obtain a bounded
sequence {fn} in c0(Ω,X) and a pairwise disjoint sequence {∆n} of finite subsets
of Ω such that ∆n := suppfn and fn /∈ nQ for each n ∈ N. Given that the
functions fi are normalized and disjointly supported, for ξ1, . . . , ξn ∈ K one
has ‖∑ni=1 ξifi‖ = sup1in |ξi |. This means that {fi} is a normalized basic
sequence in the Banach space ̂c0(Ω,X)= c0(Ω, X̂) equivalent to the unit vector
basis of c0.
Since the series
∑∞
i=1 ξifi(ω) contains at most one non-null term for each
ω ∈ Ω and ξ ∈ c0, its pointwise limit fξ (ω) :=∑∞i=1 ξifi(ω) belongs to X for
each ω ∈ Ω . Consequently, the closed linear span [fi ] of {fi} is contained in
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c0(Ω,X). As each fξ is countably supported as a consequence of the fact that
suppfn ⊆⋃∞n=1 ∆n, it follows that [fi ] is a copy of c0 contained in c0(Ω,X).
Since Q absorbs the Banach disks of c0(Ω,X), then Q absorbs the closed
unit ball of [fi ]. Hence there exists k ∈ N such that fξ ∈ kQ for each ξ ∈ c0,
‖ξ‖∞  1. In particular fk ∈ kQ, a contradiction. ✷
Proposition 2.2. The following conditions are equivalent:
1. For all nonempty sets Ω the space c0(Ω,X) is barrelled.
2. There exists a set Ω such that c0(Ω,X) is barrelled.
3. The space X is barrelled.
Proof. 1 ⇒ 2 is obvious. For 2 ⇒ 3 let Ω be such that c0(Ω,X) is barrelled
and let ω ∈ Ω . Then c0(Ω,X)/c0(Ω \ {ω},X)  c0({ω},X)  X is barrelled
as the quotient of a barrelled space. In order to show that 3 ⇒ 1, let T be a
barrel in c0(Ω,X). Since T absorbs the Banach disks of c0(Ω,X) by virtue of
the Baire category theorem, according to Lemma 2.1 there is a finite or empty
set ∆ ⊆ Ω such that T absorbs the closed unit ball of c0(Ω \ ∆,X). Since
c0(Ω,X)= c0(∆,X)⊕t c0(Ω \∆,X), where ⊕t denotes the topological direct
sum, and T absorbs the closed unit ball of the barrelled space c0(∆,X)  X∆
(see for instance [8, 27.1.(5)]), it follows that T is a neighborhood of the origin in
c0(Ω,X). ✷
Lemma 2.3. Let V be an absolutely convex set in c0(Ω,X). If V absorbs the
Banach disks of c0(Ω,X), then there exists a countable or empty set ∆ such that
V absorbs the closed unit ball of c0(Ω \∆,X).
Proof. Assume that the lemma is not true and take f1 ∈ c0(Ω,X) such that
‖f1‖∞ = 1 and f1 /∈ V . Since ∆1 := suppf1 is countable, according to our
assumption there is f2 ∈ c0(Ω \∆1,X) such that ‖f2‖∞ = 1 and f2 /∈ 2V . Then
put ∆2 := suppf2 and choose f3 ∈ c0(Ω \ (∆1 ∪∆2),X) such that ‖f3‖∞ = 1
and f3 /∈ 3V . Continue to obtain a bounded sequence {fn} in c0(Ω,X) and a
pairwise disjoint sequence {∆n} of countable sets in Ω such that ∆n := suppfn
and fn /∈ nV for each n ∈ N. As in Lemma 2.1, [fi] is a copy of c0 contained in
c0(Ω,X). Since V absorbs the closed unit ball of [fi ], there is k ∈ N such that
fk ∈ kV , a contradiction. ✷
Lemma 2.4. Let V be an absolutely convex set in c0(X). If V absorbs the Banach
disks of c0(X), then there is m ∈N such that mV ⊇ Bc0(N\{1,...,m},X).
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Proof. If the lemma is not true for each n ∈N there is xn ∈ c0(N\{1, . . . , n},X)\
nV with ‖xn‖  1. Since ∑∞n=1 ξnxn converges to some xξ ∈ c0(X̂) for each
ξ ∈ 1 and
xξ (j)=
∞∑
i=1
ξixi (j )=
j−1∑
i=1
ξixi (j ) ∈X
for each j ∈ N, it follows that xξ ∈ c0(X). These two facts show that the linear
map ϕ : 1 → c0(X) given by ϕ(ξ)= xξ is well-defined. Since ‖ϕ(ξ)‖∞  ‖ξ‖1
for each ξ ∈ 1, then ϕ is bounded. Hence, according to Lemma 1.1, D := ϕ(B1)
is a Banach disk in c0(X) and by hypothesis there exists k ∈N such that D ⊆ kV .
Therefore xk ∈ kV , a contradiction. ✷
Lemma 2.5. c0(X) is ultrabornological if and only if X is ultrabornological.
Proof. If c0(X) is ultrabornological, then X being a quotient of c0(X) is
also ultrabornological [9, 35.7.(7)]. Let us assume conversely that X is ul-
trabornological and see that c0(X) is ultrabornological. If V is an absolutely
convex set in c0(X) which absorbs the Banach disks of c0(X), in view of
Lemma 2.4 there exists m ∈ N such that mV ⊇ Bc0(N\{1,...,m},X). Since c0(X) =
c0({1, . . . ,m},X)⊕t c0(N \ {1, . . . ,m},X), it is enough to show that V absorbs
the closed unit ball of c0({1, . . . ,m},X). But this is a consequence of the fact that
(i) c0({1, . . . ,m},X)  Xm is ultrabornological [9, 35.7.(8)] and (ii) V absorbs
the Banach disks of c0({1, . . . ,m},X). ✷
Proposition 2.6. The space c0(Ω,X) is ultrabornological if and only if X is
ultrabornological.
Proof. Assume that V is an absolutely convex set in c0(Ω,X) which absorbs the
Banach disks of c0(Ω,X). According to Lemma 2.3 there is a countable or empty
set ∆⊆Ω such that V absorbs the closed unit ball of c0(Ω \∆,X). If ∆ is finite,
then c0(∆,X) is isomorphic to X∆ and hence ultrabornological. If ∆ is countable
infinite, then c0(∆,X) is isomorphic to c0(X) and, according to Lemma 2.5, it is
also ultrabornological. In each case V absorbs the closed unit ball of c0(∆,X),
so V must be a neighborhood of zero in c0(Ω,X). ✷
3. Unordered Baire-like properties of c0(Ω,X)
Lemma 3.1. Let {Vn} be a sequence of closed absolutely convex subsets of
c0(Ω,X). If {Vn} covers c0(Ω,X), then there is m ∈ N such that 〈Vm〉 ⊇
c0(Ω \∆,X) for some countable or empty set ∆⊆Ω .
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Proof. Let us assume by contradiction that the lemma is not true. So we
have that 〈Vn〉 
⊇ c0(Ω \ ∆,X) for each n ∈ N and each countable or empty
set ∆. Consequently, there exists f1 ∈ c0(Ω,X) \ 〈V1〉 with ‖f1‖∞ = 1. Since
∆1 := suppf1 is countable, according to our assumption there exists f2 ∈
c0(Ω \ ∆1,X) \ 〈V2〉 with ‖f2‖∞ = 1. Then put ∆2 := suppf2, choose f3 ∈
c0(Ω \ (∆1 ∪∆2),X) \ 〈V3〉 with ‖f3‖∞ = 1 and continue this way to obtain a
normalized sequence {fn} in c0(Ω,X) and a pairwise disjoint sequence {∆n} of
countable sets such that ∆n := suppfn and fn /∈ 〈Vn〉 for each n ∈N. Given that
(i) the functions fi are normalized and disjointly supported, (ii) if ξ1, . . . , ξn ∈K
then ‖∑ni=1 ξifi‖ = sup1in |ξi |, (iii) ̂c0(Ω,X)= c0(Ω, X̂), and (iv) for each
ω ∈ Ω and ξ ∈ c0 the series ∑∞i=1 ξifi(ω) contains at most one non-null term,
it follows that [fi ] is a copy of c0 contained in c0(Ω,X). Since {Vn} covers
c0(Ω,X), there must exist k ∈N such that Vk absorbs the closed unit ball of [fi].
Hence fk ∈ 〈Vk〉, a contradiction. ✷
Lemma 3.2. Let {Vn} be a sequence of closed absolutely convex subsets of
c0(Ω,X). If {Vn} covers c0(Ω,X), then there exists a subsequence {Wn} of {Vn}
covering c0(Ω,X) and a countable or empty set & such that 〈Wn〉 contains the
subspace c0(Ω \&,X) for each n ∈N.
Proof. Consider the countable family
F = {F ∈ {〈Vn〉: n ∈N}: F ⊇ c0(Ω \∆,X)
for some countable or empty set ∆
}
of linear subspaces of c0(Ω,X). If the sequence F does not cover c0(Ω,X),
then {〈Vn〉: n ∈ N} \ F covers it (cf. [14, Theorem 4.1]). But this contradicts
Lemma 3.1, so F covers c0(Ω,X). If we denote F by {〈Wn〉: n ∈ N} and ∆n is
a countable or empty set such that 〈Wn〉 ⊇ c0(Ω \∆n,X) for each n ∈N, the set
&=⋃∞n=1 ∆n satisfies the required conditions. ✷
Lemma 3.3. Let {Vn} be a sequence of closed absolutely convex sets in c0(X). If
{Vn} covers c0(X), then the sequence
F = {F ∈ {〈Vn〉: n ∈N}: ∃m ∈N,F ⊇ c0(N \ {1, . . . ,m},X)}
covers c0(X).
Proof. Let us show first that there is m ∈ N such that 〈Vm〉 ⊇ c0(N \ {1, . . . ,
m},X). Otherwise for each n ∈N there is xn ∈ c0(N \ {1, . . . , n},X) \ 〈Vn〉 with
‖xn‖  1. Since ∑∞n=1 ξnxn converges to some xξ ∈ c0(X̂) for each ξ ∈ 1 and
(as in Lemma 2.4) xξ (j) ∈ X for each j ∈ N, it follows that xξ ∈ c0(X). So the
mapping ϕ : 1 → c0(X) given by ϕ(ξ) = xξ is a well-defined bounded linear
operator and, according to Lemma 1.1, D := ϕ(B1) is a Banach disk in c0(X).
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Since {Vn ∩ 〈D〉: n ∈ N} is a sequence of closed nonempty (absolutely convex)
sets covering the Banach space 〈D〉(‖ ‖D), by the Baire category theorem there
exists k ∈N such that xk ∈ 〈Vk〉, a contradiction. If F does not cover c0(X) then
{〈Vn〉: n ∈N} \F does, which contradicts the first part of the proof. ✷
Theorem 3.4. The space c0(X) is UBL if and only if X is UBL.
Proof. Assume by contradiction that c0(X) is not UBL although X is UBL and
choose a sequence {Vn} of closed absolutely convex sets in c0(X) covering c0(X)
such that no Vn is a neighborhood of zero. According to Lemma 3.3 the sequence
F = {F ∈ {〈Vn〉: n ∈N}: ∃m ∈N,F ⊇ c0(N \ {1, . . . ,m},X)}
covers c0(X). Then put Fn := {F ∈F : F  c0({n},X)}.
Let us prove that F =⋃∞n=1Fn. In fact, if F ∈ F there is nF ∈ N with F ⊇
c0(N\{1, . . . , nF },X). If F ⊇ c0({1, . . . , nF },X), then F = c0(X) with F = 〈Vj 〉
for some j ∈ N. In this case the barrelledness of c0(X) would assure that Vj is
a neighborhood of the origin, a contradiction. So it remains to consider the case
F  c0({1, . . . , nF },X). This gives some 1  s  nF such that F  c0({s},X),
that is, F ∈Fs .
Now let us show that there is j ∈ N such that ⋃{F : F ∈ Fj } ⊇ c0({j },X).
Suppose on the contrary that for each i ∈ N there is xi ∈ X with ‖xi‖ = 1 such
that xi /∈⋃{F : F ∈ Fi}, where xi(j ) = 0 if i 
= j and xi(i) = xi . Given that
the sequences xi are disjointly supported, {xi} is a normalized basic sequence
in c0(X̂) equivalent to the unit vector basis of c0 such that [xi] ⊆ c0(X), since∑∞
i=1 ξixi (j )= ξjxj (j) ∈X for each j ∈N and each ξ ∈ c0. Given that F covers
c0(X) and [xi] is a Banach space, by the Baire category theorem there is G ∈ F
such that xi ∈G for each i ∈ N. But since F =⋃∞n=1Fn there exists k ∈ N such
that G ∈Fk , which implies that xk ∈⋃{F : F ∈Fk}, a contradiction.
Finally, pick k ∈ N such that ⋃{F : F ∈ Fk} ⊇ c0({k},X) and use the fact
that c0({k},X)∼= X is UBL to find some G ∈Fk such that G⊇ c0({k},X). This
contradicts the election of the family Fk and completes the proof. ✷
Theorem 3.5. The space c0(Ω,X) is UBL if and only if X is UBL.
Proof. Only the ‘if’ part needs to be proven. Let {Vn} be a sequence of closed
absolutely convex sets in c0(Ω,X) covering c0(Ω,X). According to Lemma 3.2
there exists a subsequence {Wn} of {Vn} covering c0(Ω,X) and a countable or
empty set & such that 〈Wn〉 ⊇ c0(Ω \ &,X) for each n ∈ N. Then note that
c0(Ω,X)= c0(&,X)⊕t c0(Ω \&,X) and that if & 
= ∅, then c0(&,X) is either
isomorphic to X∆ or to c0(X) depending on & being finite or countable infinite.
Due to the fact that X is UBL, if ∆ is finite (even arbitrary) then X∆ is UBL
(cf. [14, Theorem 4.10]) and hence c0(&,X) is UBL. On the other hand, if & is
countable infinite, according to Theorem 3.4, c0(&,X) is UBL too. Hence, in both
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cases there exists k ∈ N such that Wk absorbs the closed unit ball of c0(&,X),
which implies that 〈Wk〉 ⊇ c0(&,X). So we conclude that 〈Wk〉 = c0(Ω,X) and,
consequently, that Wk is a barrel in c0(Ω,X). Since c0(Ω,X) is barrelled by
virtue of Proposition 2.2, it follows that Wk is a neighborhood of the origin
in c0(Ω,X). ✷
4. Extensions of the preceding results
If E is a Hausdorff locally convex space and P is a family of seminorms on
E determining its topology, then c0(Ω,E) is defined as the linear space over
K of all functions f :Ω → E such that the set {ω ∈ Ω : p(f (ω)) > } is finite
for every  > 0 and p ∈ P. This space becomes locally convex when equipped
with the seminorms p˜(f ) := sup{p(f (ω)): ω ∈Ω} for p ∈ P. Choosing P such
that for each p,q ∈ P there is r ∈ P with r  p + q , then (P,) is a directed
set. If Eq denotes the quotient space E/kerq equipped with the quotient norm
‖πq(x)‖q = q(x), where πq :E → Eq stands for the canonical epimorphism,
from p  q it follows that there is a continuous map πqp :Eq →Ep such that πqp ◦
πq = πp . Hence E is isomorphic to the projective limit E = pr-limq∈PEq . Since
f :Ω→E implies that πq ◦f :Ω→Eq and h ∈ c0(Ω,Eq) implies that πqp ◦h ∈
c0(Ω,Ep), we may define π˜p : c0(Ω,E)→ c0(Ω,Ep) and π˜qp : c0(Ω,Eq)→
c0(Ω,Ep) by π˜p(f )= πp ◦ f and π˜qp(h)= πqp ◦ h, respectively. If c0(Ω,Eq) is
equipped with the norm ‖h‖c0(Ω,Eq) = supω∈Ω ‖h(ω)‖q , then c0(Ω,E) coincides
with the projective limit pr-limq∈P c0(Ω,Eq) since this topology is defined by
the seminorms p˜(f )= ‖π˜p(f )‖c0(Ω,Ep) = supω∈Ω p(f (ω)). As in the normable
case, the linear subspace c00(Ω,E) of c0(Ω,E) formed by all those functions
with finite support is dense in c0(Ω,E). If E is a metrizable locally convex space,
its topology is defined by an increasing sequence of seminorms {pn: n ∈N} and
c0(Ω,E) becomes a metrizable locally convex space, so each f ∈ c0(Ω,E) is
countably supported. In addition, if F is a Fréchet space it is easy to check that
c0(Ω,F ) is also a Fréchet space.
Assuming that E is a metrizable locally convex space, since c00(Ω,E) is
dense in c0(Ω, Ê) the completion of c0(Ω,E) coincides with the Fréchet space
c0(Ω, Ê). Using this fact together with Lemma 1.1, it is easily proven that each
disjointly supported sequence {fn} in c0(Ω,E) satisfying that qn(fn)  1 for
each n ∈N generates a Banach disk {∑∞n=1 ξnfn: ξ ∈B1} contained in c0(Ω,E).
With this property at hand, it is easy to adapt the techniques of the previous
sections to prove the following
Theorem 4.1. If E is a metrizable locally convex space, then c0(Ω,E) is
either barrelled, ultrabornological or UBL if and only if E is barrelled,
ultrabornological or UBL, respectively.
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If {Eω: ω ∈Ω} is a family of locally convex spaces whose topology is given
by a family of seminorms {pi,ω: i ∈ I,ω ∈ Ω}, where {pi,ω: i ∈ I } is a family
of seminorms on Eω and I is a common index set, the space c0({Eω: ω ∈Ω}) is
defined as the linear space over K consisting of all functions f :Ω→⊕ω∈Ω Eω
such that f (ω) ∈ Eω for each ω ∈ Ω and |{ω ∈ Ω : pi,ω(f (ω)) > }| < ℵ0
for each  > 0 and each i ∈ I , endowed with the topology determined by
the seminorms p˜i(f ) := supω∈Ω pi,ω(f (ω)), i ∈ I . In this case the following
analogue to Theorem 4.1 may be stated.
Theorem 4.2. If each locally convex space Eω is metrizable, then c0({Eω:
ω ∈ Ω}) is either barrelled, ultrabornological or UBL if and only if each Eω
is barrelled, ultrabornological or UBL, respectively.
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